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Abstract
An exact rotating anisotropic fluid solution and a family of ex-
act rotating anisotropic fluid solutions are presented which satisfy all
energy conditions for certain values of their parameters. The compo-
nents of the Ricci tensor the eigenvalues of this tensor and the energy-
momentum tensor of the solutions are given explicitly. All have the
ring singularity of Kerr’s solution and in addition the solution one
more singularity and some solutions of the family additional singu-
larities.The solution matches to the extremal solution of Kerr on two
surfaces, which are thin shells and for proper values of the parameters
of the solution approximate oblate spheroids. One of these surfaces
has positive surface density. The solutions of the family satisfy the
matching conditions with the solution of Kerr on two pair of surfaces,
which are again thin shells. The surface density of one pair of surfaces
is given explicitly. Also for proper values of the parameters of the
solutions the surfaces of the other pair approximate oblate spheroids.
PACS number(s): 04.20.-q, 04.20.Jb
Keywords: Exact anisotropic fluid solutions, Matching to Kerr’s
solution
1 Introduction
Anisotropic fluid solutions play an important role in general theory of rela-
tivity [1], [2], even thought local isotropy is usually assumed. Such solutions
may be useful in connection with the important problem of finding internal
solutions of Kerr’s solution [3]. Most efforts in this direction were based on
models with regular disks most of which [5] but not all [4] seem to have se-
rious problems. The attempts to find internal solutions of perfect fluid type
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were not successful [6], [7]. Therefore it is natural to turn to anisotropic fluid
solutions. In a previous paper we found a family of anisotropic fluid solu-
tions which match to Kerr’s solution [8]. In this paper we present an exact
anisotropic fluid solution and a family of exact anisotropic fluid solutions and
discuss their matching to Kerr’s solution.
In Sect. 2 we start from a metric gµν whose form approaches the general
form of a metric we have considered before [9] and has two functions h(r)
and f(r, x) to be determined. From this metric the non-zero components of
the Ricci tensor Rµν are determined and then the expression, from which
the eigenvalues of the matrix Rνµ can be found, is given. This expression is
written in two forms. Then we find equations the satisfaction of which makes
one of the roots λt and λφ of R
ν
µ equal to one of the two other roots λr and λθ
of Rνµ. We distinguish six cases in which this happens and give the equations
which must be satisfied in each case. Then we find solutions of the equations
in each case. A solution is anisotropic if the eigenvalues of Rνµ satisfy the
condition [2] [10]
λθ = λφ (1)
Solving equations of case 1 we find the family of anisotropic fluid solutions
which we presented in Ref [8] and in addition one more solution which satisfies
Eq (1) and is therefore an anisotropic fluid solution. The solutions we get by
solving equations of case 3 are special cases of the solutions of case 1.
Solving equations of case 4 we find a family of solutions which are not
anisotropic fluid solutions, while the solutions of equations of case 2 are
special cases of the solutions of equations of case 4. Also the solution we get
by solving equations of case 5 is not anisotropic. Finally solving equations
of case 6 we find a family of solutions which satisfy Eq (1) and are therefore
anisotropic.
In Sect III the non zero components of the Ricci tensor Rµν of the
anisotropic fluid solution we found in Sect II are given explicitly and the
eigenvalues λi, i = t, r, θ, φ of the matrix R
ν
µ are obtained. It is shown
that the solution satisfies the dominant the strong and therefore the weak
energy energy conditions [11] for some values of its parameters. The eigen-
vectors, which correspond to the eigenvalues of Rνµ, are calculated and the
energy-momentum tensor Tµν is given explicitly. As expected this tensor has
the standard form of the energy-momentum tensor of an anisotropic fluid
solution[2] [10]. It is found that this anisotropic fluid solution has the well
known ring singularity of Kerr’s solution [12] and in addition one more sin-
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gularity. The infinite red shift surfaces of the solution are given.
The matching of the anisotropic fluid solution to Kerr’s solution is dis-
cussed using the Darmois-Israel boundary conditions [13], [14]. From the
continuity of the first fundamental form we get two matching surfaces, which
for small value of a constant approximate oblate spheroids. Also it is found
that all components of the extrinsic curvature except one are continuous
across the surfaces, which means that the surfaces are thin shells. The non
zero components of the surface energy tensor are found and from these the
surface density is calculated. It is found that for one of the matching sur-
faces the surface density is positive everywhere. We should point out that
the exterior solution is the extremal Kerr’s solution and that the solutions of
the family of Ref [8] do not match to the extremal solution of Kerr.
In Sect IV the non zero components of the Ricci tensor Rµν of the family of
solutions of case 6 are given and the eigenvalues λi, i = t, r, θ, φ of the matrix
Rνµ are calculated and found to satisfy Eq (1). Also the eigenvectors which
corresponds to the eigenvalues λi are calculated and the energy-momentum
tensor Tµν is given explicitly. The solutions of the family satisfy the domi-
nant the strong and therefore the weak energy conditions [11], if a relation
is satisfied. It is found that all solutions of the family have the ring singu-
larity of Kerr’s solution [12] and some of them additional singularities.Also
it is shown that the solutions of the family satisfy the matching conditions
with the solution of Kerr on two pair of surfaces. Since not all components
of the extrinsic curvature are continuous on these surfaces all surfaces are
thin shells. For two of them we calculated the discontinuity of the extrinsic
curvature on them, the surface energy tensor and also the surface density.
The other two surfaces for proper values of the parameters of the solution
approximate oblate spheroids and one of them is inside the outer red shift
surface and inside the outer event horizon of the exterior solution of Kerr or
coincides with them.
2 Model’s equations and their solutions
Consider a metric which in Boyer-Lindquist coordinates [15] has the form
gµν = {[−T, 0, 0,−a(1− x2)(1− T )], [0, f(r, x)
ρ2T + a2(1− x2) , 0, 0],
3
[0, 0, f(r, x), 0], [−a(1−x2)(1−T ), 0, 0, (1−x2)(r2+a2x2+a2(1−x2)(2−T ))]}
(2)
where a is an arbitrary constant,
x = cos θ, ρ2 = r2 + a2x2, T = 1 +
h(r)
ρ2
(3)
and h(r) and f(r,x) are functions to be determined. The above gµν is the
same with the gµν of Ref [8], approaches the gµν of Ref [9] and becomes the
metric of Kerr [3] if
h(r) = −2Mr and f(r, x) = ρ2 (4)
To make the calculations easier we shall replace f(r, x) with a new function
s(r, x) by the relation
f(r, x) = bρ2e−s(r,x) (5)
where b is a constant. From the above gµν we can calculate the Ricci tensor
Rµν [16] and then the eigenvalues λi, i = t, r, θ, φ of the matrix R
ν
µ. To
proceed let us denote by prime the differentiation of h(r) with respect to r
and by a lower index r or x the differentiation of s(r, x) with respect to r or
x, for example
h′′(r) =
d2h(r)
dr2
and sr(r, x) =
∂s(r, x)
∂r
(6)
Also let us introduce the notation
λ1 =
e−s(r,x)
b(ρ2)2
{h(r)− rh′(r)} (7)
λ2 = − e
−s(r,x)
2b(ρ2)2
{2h(r)− 2rh′(r) + ρ2h′′(r)} (8)
Γ±(r, x) = (1− x2)(2r + h′(r))sx ± 2x(r2 + a2 + h(r))sr(r, x) (9)
E(r, x) = (1− x2)sxx(r, x) + (r2 + a2 + h(r))srr(r, x) (10)
Then we find that the eigenvalues λi are the solutions of equation
Det(Rνµ − λδνµ) = (λ− λ1)(λ− λ2){−
e−2s(r,x)
16b2(1− x2)(ρ2)2(r2 + a2 + h(r))Γ
2
−+
4
{λ− λ1 + e
−s(r,x)
2bρ2
[E(r, x) + (2r + h′(r))sr(r, x)]}
{λ− λ2 + e
−s(r,x)
2bρ2
[E(r, x)− 2xsx(r, x)]}} = 0 (11)
and the root λ1 is one of the roots λt and λφ and the root λ2 the other. Also
the expression Det(Rνµ − λδνµ) can be written in the form
Det(Rνµ − λδνµ) = (λ− λ1)(λ− λ2){−
e−2s(r,x)
16b2(1− x2)(ρ2)2(r2 + a2 + h(r))Γ
2
++
e−s(r,x)
2bρ2
E(r, x){e
−s(r,x)
2bρ2
E(r, x) + 2λ− λ1 − λ2+
e−s(r,x)
2bρ2
[(2r + h′(r))sr(r, x)− 2xsx(r, x)]}+
(λ−λ1)(λ−λ2)+e
−s(r,x)
2bρ2
[(λ−λ2)(2r+h′(r))sr(r, x)−(λ−λ1)2xsx(r, x)]} (12)
A solution is anisotropic if Eq (1) holds. Eqs (11) and (12) have the roots
λ1 and λ2 and two more, which let us call λ3 and λ4. We shall try to find
solutions for which Eq (1) holds. To do that we shall try first to find solutions
for which one of the roots λ1 or λ2 is equal to one of the roots λ3 or λ4 and
then we shall check if Eq (1) is satisfied. Consider first Eq (11). The root λ1
of this equation is equal to one of the roots λ3 or λ4 if the following relations
hold:
Case 1
Γ−(r, x) = 0 and E(r, x) + (2r + h
′(r))sr(r, x) = 0 (13)
Case 2
Γ−(r, x) = 0 and ρ
2(E(r, x)− 2xsx(r, x))+
4(h(r)− rh′(r)) + ρ2h′′(r) = 0 (14)
while the root λ2 is equal to one of the roots λ3 or λ4 in the following two
cases:
Case 3
Γ−(r, x) = 0 and ρ
2[E(r, x) + (2r + h′(r))sr(r, x)]
5
− 4(h(r)− rh′(r))− ρ2h′′(r) = 0 (15)
Case 4
Γ−(r, x) = 0 and E(r, x)− 2xsx(r, x) = 0 (16)
Consider now Eq (12). Its root λ1 is equal to one of the roots λ3 or λ4 if
Γ+(r, x) = 0 (17)
and
E(r, x){ρ2[E(r, x) + (2r + h′(r))sr(r, x)− 2xsx(r, x)] + 4(h(r)− rh′(r))+
ρ2h′′(r)}+ (2r + h′(r))[4(h(r)− rh′(r)) + ρ2h′′(r)]sr(r, x) = 0 (18)
We shall consider solutions for which
(2r + h′(r))[4(h(r)− rh′(r)) + ρ2h′′(r)] = 0 (19)
This relation is satisfied if h(r) = −r2 + w and if h(r) = −2Mr where
w and M are arbitrary constants. But if h(r) = −r2 + w Eq (17) gives
w = a2, which makes the metric singular since for h(r) = −r2 + a2 we have
ρ2T +a2(1−x2) = 0. This means that we must take h(r) = −2Mr, in which
case we get λ1 = λ2 = 0 and Eq (18) becomes
E(r, x){E(r, x) + 2(r −M)sr(r, x)− 2xsx(r, x)} = 0 (20)
Therefore the roots λ1, λ2 and one of the roots λ3 and λ4 vanish in the
following two cases:
Case 5
Γ+(r, x) = 0 and E(r, x) = 0 and h(r) = −2Mr (21)
Case 6
Γ+(r, x) = 0 and E(r, x) + 2(r −M)sr(r, x)− 2xsx(r, x) = 0
and h(r) = −2Mr (22)
where M is an arbitrary constant. We shall find solutions for all cases.
The first of Eqs (13) is satisfied if h(r) is an arbitrary function of r and
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s(r, x) = F [
1− x2
r2 + a2 + h(r)
] (23)
where F is an arbitrary function of its arguments. Substituting the above
expression in the second of Eqs (13) and solving the resulting relation we
find two solutions for s(r, x) and h(r). The solutions expressed in terms of
f(r, x) of Eq (5) and h(r) are the following:
f(r, x) = bρ2[
(r −M)2 + kx2
(r −M)2 + k ]
c (24)
h(r) = −2Mr +M2 − a2 + k (25)
where a, b, c, M , and k are arbitrary constants and k 6= 0 and
f(r, x) = bρ2e
c x
2
−1
(r−M)2 (26)
h(r) = −2Mr +M2 − a2 (27)
where a, b, c and M are arbitrary constants.The metric of Eqs (2), (24) and
(25) is the metric of the family of anisotropic fluid solutions of Ref. [8]. Also
we shall show in Sect III that the solution given by Eqs (2), (26) and (27) is
a rotating anisotropic fluid solution.
Solutions of Eqs (15) of case 3 are the family of solutions of Eqs (24) and
(25) of case 1 with k = a2−M2 and the solution of Eqs (26) and (27) of case
1 with a2 −M2 = 0. Therefore the solutions of case 1 include the solutions
of case 3.
Solving Eqs (16) of case 4 and expressing the solution in terms of f(r, x)
of Eq (5) we get
f(r, x) = bρ2[
1− x2
(r −M)2 + kx2 ]
c (28)
h(r) = −2Mr +M2 − a2 + k (29)
where a, b, c, M , and k are arbitrary constants. The eigenvalues λi i =
t, r, θ, φ of the tensor Rνµ, which comes from this metric, are the following:
λt = λr = −λφ = a
2 −M2 − k
bρ2
[
1− x2
(r −M)2 + kx2 ]
−c (30)
λθ =
2cρ2 − (a2 −M2 − k)(1− x2)
b(1 − x2)ρ2 [
1− x2
(r −M)2 + kx2 ]
−c (31)
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Therefore Eq (1) is not satisfied and the solutions of this family are not
anisotropic. The expressions for f(r, x) and h(r) we find by solving Eqs (14)
of case 2 are those of Eqs (30) and (31) with k = a2 −M2. Therefore the
family of solutions of case 2 is obtained from the family of solutions of case
4 for k = a2 −M2.
The general solution of the first of Eqs (22) of case 6, with h(r) = −2Mr
according to the third of Eqs (22), is
s(r, x) = H [(1− x2)(r2 − 2Mr + a2)] (32)
where H an arbitrary function of its arguments. Substituting the above ex-
pression for s(r.x) in the second of Eqs (22) and solving the resulting relation,
having in mind that h(r) = −2Mr, we can calculate s(r, x). Expressing the
solution in terms of f(r, x) of Eq (5) we find for case 6
f(r, x) = bρ2[(1− x2)(r2 − 2Mr + a2)]c and h(r) = −2Mr (33)
where a, b, c and M are arbitrary constants. In Sect IV we shall show that
the family of solutions with metric given by Eqs (2) and (33) is a family of
anisotropic fluid solutions.
Finally solving Eqs (21) and using Eq (5) we find for case 5 the solution
f(r, x) = bρ2ec(1−x
2)(r2−2Mr+a2) and h(r) = −2Mr (34)
where a, b, c and M are arbitrary constants. The eigenvalues λi i = t, r, θ, φ
of the tensor Rνµ of this solution are
λt = λr = λφ = 0 (35)
λθ = − 2c
bρ2
[(r −M)2 + (a2 −M2)x2)]e−c(1−x2)(r2−2Mr+a2) (36)
Therefore this is not an anisotropic fluid solution.
3 Rotating anisotropic fluid solution
The non zero components of the Ricci tensor Rµν of the metric gµν of Eq (2)
with f(r, x) and h(r) given by Eqs (26) and (27) are the following [16]
Rtt =
(M2 − a2)[(r −M)2 + a2(1− x2)]
b(ρ2)3
eL (37)
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Rrr =
−(M2 − a2)(r −M)2 + 2cρ2
(r −M)4ρ2 (38)
Rθθ =
M2 − a2
ρ2
(39)
Rφφ =
(M2 − a2)(1− x2)[(r2 + a2)2 + a2(r −M)2(1− x2)]
b(ρ2)3
eL (40)
Rtφ = −a(M
2 − a2)(1− x2)[(r −M)2 + r2 + a2]
b(ρ2)3
eL (41)
where
L = c
1− x2
(r −M)2 (42)
Also the Ricci scalar of the solution is
R =
2c
b(r −M)2ρ2 e
L (43)
From Eqs (37) - (41) and the metric gµν of the solution we can calculate the
matrix Rνµ and then its four eigenvalues, which are found to be the following:
λ± = ±M
2 − a2
b(ρ2)2
eL (44)
λr =
−(M2 − a2)(r −M)2 + 2cρ2
b(r −M)2(ρ2)2 e
L (45)
λθ =
M2 − a2
b(ρ2)2
eL = λ+ (46)
Therefore the eigenvalue λt is one of the eigenvalues λ+ or λ− and the eigen-
value λφ the other. To find which one is λt and which λφ we calculate the
eigenvectors which correspond to these eigenvalues. We find that the nor-
malized timelike eigenvector (ut)
µ, which has the eigenvalue λt, is given by
the relation
(ut)
µ =
1
(r −M)√ρ2 [(r
2 + a2)δµt + aδ
µ
φ ] (47)
and corresponds to the eigenvalue λ−. This means that
λt = λ− = −M
2 − a2
b(ρ2)2
eL (48)
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Therefore we must have
λφ = λ+ = λθ (49)
which means that our solution is a rotating anisotropic fluid solution. In
expression (47) and in all expressions for the eigenvectors which follow we
have chosen the sign + as overall sign. Also we find that the normalized
eigenvector (uφ)
µ, which corresponds to the eigenvalue λφ = λ+, is given by
the relation
(uφ)
µ =
1√
ρ2(1− x2)
[a(1 − x2)δµt + δµφ] (50)
Finally the normalized eigenvectors (ur)
µ and (uθ)
µ, which correspond to the
eigenvalues λr and λθ respectively are given by the relations
(ur)
µ =
r −M√
bρ2
eL/2δµr (51)
(uθ)
µ =
1√
bρ2
eL/2δµθ (52)
From Eqs (47) and (50)-(52) we find the normalized eigenvectors (ut)µ, (uφ)µ,
(ur)µ and (uθ)µ. We get
(ut)µ =
r −M√
ρ2
[−δtµ + a(1− x2)δφµ] (53)
(uφ)µ =
√
1− x2
ρ2
[−aδtµ + (r2 + a2)δφµ] (54)
(ur)µ =
√
bρ2
r −Me
−L/2δrµ (55)
(uθ)µ =
√
bρ2e−L/2δθµ (56)
The eigenvalues wi = λi−R/2, i = t, r, θ and φ of the energy-momentum
tensor T νµ = R
ν
µ− R2 δνµ are calculated from Eqs (43, (45), (46), (48) and (49).
We get
wt = −(M
2 − a2)(r −M)2 + cρ2
b(r −M)2(ρ2)2 e
L (57)
wr =
−(M2 − a2)(r −M)2 + cρ2
b(r −M)2(ρ2)2 e
L (58)
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wθ = wφ =
(M2 − a2)(r −M)2 − cρ2
b(r −M)2(ρ2)2 e
L (59)
Therefore the energy density µ is given by the relation
µ = −wt = (M
2 − a2)(r −M)2 + cρ2
b(r −M)2(ρ2)2 e
L (60)
If we introduce the notation
Z =
(M2 − a2)(r −M)2
b(r −M)2(ρ2)2 e
L and Q =
c
b(r −M)2ρ2 e
L (61)
Eqs (58) - (60) become
µ = Z +Q, wr = −Z +Q, wθ = wφ = Z −Q (62)
It is easy to show that if
Z ≥ 0 and Q ≥ 0 (63)
the above expressions for µ, wr, wθ and wφ satisfy the dominant the strong
and therefore the weak energy conditions [11]. Relations (63) are satisfied if
M2 − a2
b
≥ 0 and c
b
≥ 0 (64)
From Eqs (37) - (41), (43) and the metric gµν we can calculate the energy-
momentum tensor Tµν . Writing
wr = w‖ and wθ = wφ = w⊥ (65)
we find using Eqs (53), (55) and (58) - (60) that this tensor can be written
in the form
Tµν = (µ+ w⊥)(ut)µ(ut)ν + w⊥gµν + (w‖ − w⊥)(ur)µ(ur)ν (66)
which is the form of the energy-momentum tensor of an anisotropic fluid [2],
[10].
The infinite red shift surfaces of a solution are obtained from the relation
gtt=0. From Eqs (2), (3) and (27) we get
rRS± = M ± a
√
1− x2 (67)
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The above surfaces are closed and axially symmetric.
A solution has irremovable singularities at the points at which at least
one of the invariants R and R2 = RµνζηR
µνζη is singular. The Ricci scalar
R is given by Eq (43), while the curvature scalar R2 is given by the relation
[16]
R2 =
U
b2(r −M)4(ρ6)2 e
2L (68)
where U is a complicated polynomial of a, c, M , r and x. Therefore the
solution has an irremovable singularity when
ρ2 = r2 + a2x = 0 (69)
which is the well known ring singularity of Kerr’s solution [12], [17], and also
when
r =M (70)
The singularity at r = M is for x2 = 1 on the infinite red shift surfaces and
for x2 6= 1 insides the outer red shift surface.
To examine if a solution can be matched to the solution of Kerr, which
is expressed in Boyer-Lindquist coordinates [15], on a surface S we assume
that the coordinates r and θ of the various points of the surface are not
independent but can be expressed with the help of a single parameter τ .
This means that the surface has coordinates ζ i = (t, τ, φ) while the space-
time has coordinates xα = (t, r, θ, ϕ). Eliminating τ we get for S an equation
of the form
r = R(θ) (71)
One can show that the relation which connects the 3-metric 3gij of the surface
with the 4-metric 4gµν of the space-time is the following
3gij =
∂xα
∂ζ i
∂xβ
∂ζj
4gαβ (72)
where Greek indices take the four values (t, r, θ, φ) and Latin indices the three
values (t, τ, φ). If P is a metric dependent quantity the notation P+(P−)
means that P is calculated in the exterior (interior) region of S, while the
notation P+|S (P−|S) means that P is calculated in the exterior (interior)
region of S and evaluated at the surface. The solution of Kerr occupies the
exterior region. We use the notation
[P ] ≡ P+|S − P−|S (73)
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which means that [P] denotes the discontinuity of P at the surface.
The Darmois-Israel boundary conditions [13], [14] for the matching of the
two regions exterior and interior are continuity the first fundamental form
[3gij] = 0 (74)
and continuity of the extrinsic curvature Kij ( second fundamental form)
[Kij] = 0 (75)
If both conditions are satisfied we refer to S as boundary surface. If only
condition (74) is satisfied we refer to S as thin shell. If gtφ is the only non-zero
off diagonal element of gµν Eq (74) implies the relations [18]
[3gtt] = [
4gtt] = 0, [
3gtφ] = [
4gtφ] = 0, [
3gφφ] = [
4gφφ] = 0 (76)
[3gττ ] = (
∂r
∂τ
)2[4grr] + (
∂θ
∂τ
)2[4gθθ] = 0 (77)
Eqs (76) are satisfied if
M2 = a2 (78)
which means that the exterior solution is the extremal Kerr’s solution, while
Eq (77) is satisfied if as matching surfaces we chose the surfaces
be
c x
2
−1
(r−M)2 − 1 = 0 (79)
The above equation gives two matching surfaces S± expressed by the relations
rS± = M ± c′
√
1− x2 (80)
where
c′ =
√
c
lnb
> 0 (81)
Eqs (79) and (80) imply that the constants b and c must satisfy the relations
b > 0 and
c
lnb
> 0 (82)
Then combining Eqs (82) with the second of Eqs (64) we find that we must
have
c > 0 and lnb > 0 (83)
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The matching surfaces S± of Eq (80) are closed and axially symmetric. Since
in Boyer-Lindquist coordinates [15] the surface r = constant is an oblate
spheroid [19], the matching surfaces of Eqs (80) for c′ ≪ M approximate
oblate spheroids.
Since relations [Ktτ ] = [Kφτ ] = 0 are identically satisfied condition (75)
implies the relations [18]. [20]
[Ktt] = [g
rr]gtt,r − [gθθ]R,θgtt,θ = 0 (84)
[Ktφ] = [g
rr]gtφ,r − [gθθ]R,θgtφ,θ = 0 (85)
[Kφφ] = [g
rr]gφφ,r − [gθθ]R,θgφφ,θ = 0 (86)
[Kττ ] =
1
2
(
∂r
∂τ
)2{[grrgrr,r] +R,θ[gθθgrr,θ]}+ ∂r
∂τ
∂θ
∂τ
{[grrgrr,θ]− R,θ[gθθgθθ,r]}
− 1
2
(
∂θ
∂τ
)2{[grrgθθ,r] +R,θ[gθθgθθ,θ]} = 0 (87)
where all metric components refer to the 4-metric and we have used the
notation P,a =
∂P
∂xa
. If Eqs (78) and (79), which imply the relations [grr] =
[gθθ] = 0, are satisfied we get
[Ktt] = [Ktφ] = [Kφφ] = 0 (88)
Also for τ = θ we find that
[Kττ ] = [Kθθ] = ±
√
clnb
(1− x2)3/2 (89)
where we have the plus sign if we choose S+ as matching surface and the
minus sign if we choose S− as such surface. Since for S+ and S− we have
[Kθθ] 6= 0 both surfaces are thin shells [21].
To calculate the surface energy tensor Sji we use the Lanczos relation [22],
[23], [24]
− 8piSji = [Kil]3glj − δji ([Kln]3gln) (90)
For 3gij and Kij given by Eqs (72), (88) and (89) we find that the only
non-vanishing Sji are the following :
Stt = S
φ
φ =
1
8pi
[Kθθ]
3gθθ =
1
8pi
1
4gθθ +4 grr(
∂r
∂θ
)2
[Kθθ] (91)
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The surface density σ(θ) is defined by the eigenvalue equation
Sab u
b = −σua with uaua = −1 (92)
From Eqs (80), (89), (91) and (92) we get
σ(θ) = − 1
8pi
1
4gθθ +4 grr(
∂r
∂θ
)2
[Kθθ] (93)
which gives if we take as matching surface the surface S+ of Eq (80)
σ(θ) = −
√
c(lnb)3
8pi
√
1− x2[(M√lnb+
√
c(1− x2))2 +M2lnbx2]
(94)
and if we take the surface S− of Eq (80)
σ(θ) =
√
c(lnb)3
8pi
√
1− x2[(M√lnb −
√
c(1− x2))2 +M2lnbx2]
(95)
We see that if we take the surface S− as matching surface we get σ(θ) >
0. Therefore for M = a and certain values of its parameters the solution
described in this section satisfies all energy conditions and matches to the
extremal solution of Kerr on a surface which approximates an oblate spheroid
and is a thin shell with positive surface density. The same thing happens
for the family of solutions of Ref. [8] but for the case M > a (non extremal
case).
4 Family of rotating anisotropic fluid solu-
tions
The non-zero components of the Ricci tensor of the family of rotating anisotropic
fluid solutions, which has the metric of Eq (2) with f(r, x) and h(r) given by
Eqs (33), are the following [16]
Rrr =
2c(r −M)2
[(r −M)2 + a2 −M2]2 (96)
Rrθ =
2c(r −M)x
[(r −M)2 + a2 −M2]sinθ (97)
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Rθθ =
2cx2
1− x2 (98)
The Ricci scalar of the solutions of the family is
R =
2c[(r −M)2 + (a2 −M2)x2]
bρ2
{[(r −M)2 + a2 −M2](1− x2)}−c−1 (99)
From the expressions (96) - (98) we calculate the matrix Rνµ and then the
eigenvalues λi, i = t, r, θ, φ of this matrix. We get
λt = λθ = λφ = 0 (100)
λr =
2c[(r −M)2 + (a2 −M2)x2]
bρ2
{[(r −M)2 + a2 −M2](1− x2)}−c−1 = R
(101)
We see that Eq (1) is satisfied, which means that the above solution is an
anisotropic fluid solution.
From Eqs (100) and (101) we find that the eigenvalues wi, i = t, r, θ, φ of
the energy-momentum tensor T νµ = R
ν
µ − R2 δνµ are given by the relations
wt = wθ = wφ = −R
2
(102)
wr =
R
2
(103)
Therefore the energy density µ of the solutions is
µ = −wt = R
2
(104)
and we have
µ+ wr + wθ + wφ = 0 (105)
If R > 0 we easily find that the solutions of the family satisfy the dominant
the strong and therefore the weak energy conditions [11].
The eigenvectors (ut)
µ, (ur)
µ, (uθ)
µ and (uφ)
µ, which correspond to the
eigenvalues λt, λr, λθ and λφ respectively are the following:
(ut)
µ = −
√√√√ ρ2
(r −M)2 + a2x2 −M2 δ
µ
t (106)
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(ur)
µ =
1√
bρ2[(r −M)2 + x2(a2 −M2)]
N
1−c
2 {(r −M)δµr +
x√
1− x2 δ
µ
θ }
(107)
(uθ)
µ =
1√
bρ2[(r −M)2 + x2(a2 −M2)]
N
−c
2 {x[(r −M)2 + a2 −M2]δµr−
(r −M)
√
1− x2δµθ } (108)
(uφ)
µ =
1√
gφφ
δµφ (109)
where
N = (1− x2)[(r −M)2 + a2 −M2] (110)
From the above expressions we can calculate (ut)µ, (ur)µ, (uθ)µ and (uφ)µ.
We get
(ut)µ =
√
(r −M)2 + a2x2 −M2
ρ2
δtµ (111)
(ur)µ =
√√√√ bρ2
[(r −M)2 + x2(a2 −M2)]N
1+c
2 { r −M
(r −M)2 + a2 −M2 δrµ+
x√
1− x2 δθµ} (112)
[(uθ)µ =
√√√√ bρ2
[(r −M)2 + x2(a2 −M2)]N
c
2{xδrµ− (r−M)
√
1− x2δθµ} (113)
(uφ)µ =
√
gφφδφµ (114)
If we introduce again the notation of Eqs (65) and use Eqs (2), (33), (96)
- (99), (102) - (104), (111) and (112) we find that the energy- momentum
tensor Tµν = Rµν− R2 gµν of the family of solutions can be written in the form
Tµν = (µ+ w⊥)(ut)µ(ut)ν + w⊥gµν + (w‖ − w⊥)(ur)µ(ur)ν (115)
The above Tµν has the form of the energy-momentum tensor of an anisotropic
fluid [2] [10]. From Eq (115) we get the relation
Rµν = R(ur)µ(ur)ν (116)
If M2 − a2 ≥ 0 the family of solutions has the infinite red shift surfaces
rRS
′
± =M ±
√
M2 − a2x2 (117)
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which are closed and axially symmetric.
The irremovable singularities of the solutions are the singularities of their
invariants R and R2. The Ricci scalar R of the family is given by Eq (99),
while the curvature scalar R2 is given by the relation [16]
R2 =
V
b2(ρ2)6
{(r2 − 2Mr + a2)(1− x2)}−2−2c (118)
where V is a very complicated polynomial of a, c, M , r and x. Therefore
for all values of the parameter c the invariants R and R2 are singular when
ρ2 = 0, which means that all solutions of the family have the ring singularity
of Kerr’s solution [12], [17]. This is the only singularity of the solutions with
c ≤ −1, while the solutions with c > −1 are also singular if
r± = M ±
√
M2 − a2 (119)
and if
x = ±1 (120)
To find if the family of solutions matches to the solution of Kerr on
a surface S ′ we shall examine if Eqs (76) and (77), which come from the
continuity of the first fundamental form, and Eqs (84) - (87), which come
from the continuity of the second fundamental form, are satisfied. We easily
find that Eqs (76) are satisfied. Also Eq (77) is satisfied if
b[(1 − x2)(r2 − 2Mr + a2)]c − 1 = 0 (121)
and if
(
∂r
∂θ
)2
1
r2 − 2Mr + a2 + 1 = 0 (122)
Putting
c
√
b =
1
v
(123)
we get from Eq (121) the matching surfaces S ′±
rS
′
± = M ±
√
M2 − a2 + v(1− x2)−1 (124)
where the surface S ′+ (S
′
−) is obtained from the above expression with the
sign plus (minus). Eqs (124) imply that the constants must be chosen such
that
M2 − a2 + v(1− x2)−1 > 0 (125)
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Since we have for the surfaces S ′+ and S
′
− [g
rr] = [gθθ] = 0 Eqs (84) - (86)
are satisfied, while if we take τ = θ we get
[Kττ ] = [Kθθ] = ± c[M
2 − a2 + v(1− x2)−2]2
[M2 − a2 + v(1− x2)−1]3/2 (126)
where we have the plus sign if we choose S ′+ as matching surface and the
minus sign if we choose S ′− as such surface. Eq (126) tells us that the surfaces
S ′+ and S
′
− are thin shells.
Proceeding as in Sect III we find again that the non vanishing components
of the surface energy tensor Sji are given by Eqs (91) and the surface density
σ(θ) by the first of Eqs (95). Then using Eq (126) we get for the surface S ′+
σ(θ) = − c[M
2 − a2 + v(1− x2)−2]
8pi[(rS
′
+ )2 + a2x2][M2 − a2 + v(1− x2)−1]1/2
(127)
and for the surface S ′−
σ(θ) =
c[M2 − a2 + v(1− x2)−2]
8pi[(rS
′
− )2 + a2x2][M2 − a2 + v(1− x2)−1]1/2
(128)
where rS
′
± is given Eq (124). Therefore since relation (125) must hold it is
σ(θ) > for the surface S ′+ if c[M
2 − a2 + v(1− x2)−2] < 0 and for the surface
S ′− if c[M
2 − a2 + v(1− x2)−2] > 0.
Eq (122) has a solution only if M2 > a2 and this solution is
rS
′′
± =M ±
√
M2 − a2cos(θ − θ0) (129)
where θ0 is an arbitrary constant. The matching surfaces S
′′
± of this solu-
tion are closed, axially symmetric and as in the case of the anisotropic fluid
solution of Sect III if
√
M2 − a2 ≪M approximate oblate spheroids.
From Eqs (117) and (129) for θ0 = 0 we get
rRS
′
+ ≥ rS
′′
+ (130)
where the equality holds for x = 1. Also since the event horizons of Kerr’s
solution are given by the relations rH± = M ±
√
M2 − a2 we get
rH+ ≥ rS
′′
+ (131)
Proceeding as before we can calculate [Kij ], S
j
i and σ(θ) for the matching
surfaces S ′′±. However the calculations involved are very long and for this
reason we shall not give σ(θ) explicitly. Also since in this case the condition
(75) is not satisfied for all i and j the surfaces S ′′± are thin shells.
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